Quiz
-

Define the of an arrow f in an Abelian category.

-



ANSWer:

-

The image of f is the kernel of the cokernel of f.

-



Question:
-

What is the dual construction?



The

of f.

Answer

. It is defined to be the cokernel of the kernel

-



Last Time:
-

We proved that in AbG, the finite product of objects is
Isomorphic to the finite coproduct. That is, a construction
and its dual are essentially the same. In general, this is
rare. But not in AbG.

-
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ThisTime:
-

fWe prove that two other dual constructions are isomorphic
In AbG:



Theorem

-

In AbG, the image and coimage of an arrow are
Isomorphic.

-



We will prove, instead, something more:

o N

Every arrow f : A — B in AbG can be uniquely factored as
the composition of a strong epic arrow p followed by a

monic arrow i.
Where i Is the image and p the coimage.

—p. 8/20



Pr oof
L

et
o J
OanB

be the kernel of f. Note that f o k = 0p. Let

k
Ok A

be the cokernel of k.
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o N

Oxa

commutes, which implies that there exists a unique map
so that

o |
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B B
|7

Oxa

commutes. In other words, that f =iop. Sincepisa
cokernel, it is a strong epic. Thus, we have left to prove only
that 7 is monic.

o |
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-

So, suppose that x : X — C'isamap sothatiox = 0. Let

-

i

XHC_T%R

Oxc

be the cokernel diagram for .

o |
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-

Then, by assumption,

commutes.



E

hus, there exists a unique map ¢ so that

X;C_T%R

Oxc
commutes. Now, since both r and p are epic, so IS r o p.
Since we are in an Abelian category, there must exist an
arrow h : H — A so that

o |
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-

?“Op
H "z A R
Omr

IS a cokernel diagram.



Now,

-

foh=10poh
=qoropoh sincei=gqor
—qoOgyg ropoh=20
=0 the composition of

In other words we have the commutative diagram

f

OaB
h

H

(1)
(2)
(3)
(4)

which, of course, implies that there exists a unigue map [ so

Lthat

|

—p. 16/20



-

commutes. Now,

In other words,

.

poh=pokol
=Ogc ol

= Oge

(5)
(6)
(7)

|
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o N

rop

commutes. This implies that there exists a unique n so that

o |
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o N

commutes. In other words, that norop =p = 14p. But
remember, that p, being the cokernel of k is epi.

o |
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-

fThus, nor =14, Which implies that r iIs monic. But, r, by
defintion, is a map so that r o x = 0x. Since r ¢s monic, we
must have that =z = 0. At the start of all this, though, we let =
be an arbitrary map with the property that : o x = 0. Since
this implies that x must also be 0 we see that i is monic.
The uniqueness of this factoriztion is an immeadiate
consequence of a previous lemma.

o |
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