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2.
a.
The domain is the set of all persons who are male and who have a sibling. The
range is the set of all persons who have a male sibling.
b.
The domain is R. The range is [—1, 1].

5.
a. ST'oR = {(174>7 (3’5)’ (3’4)}
b. R~1 oS ={(4,1),(5,3),(4,3)}

8.
a.

theorem 1. Suppose R is a relation from A to B and S is a relation from B
to C. Then Dom(S o R) CDom(R).

Proof. Suppose R is a relation from A to B and S is a relation from B to C.
Let a € A be arbitrary. Suppose a €Dom(S o R). Then, we can find b € B and
¢ € C so that (a,b) € R and (b,¢) € S. Thus, since (a,b) € R, a €Dom(R). O

b.

theorem 2. Suppose R is a relation from A to B and S is a relation from B
to C. Suppose Ran(R) CDom(S). Then, Dom(S o R) =Dom(R).

Proof. Suppose R is a relation from A to B and S is a relation from B to C. Let
a € A be arbitrary. Suppose Ran(R) CDom(S). Let a be arbitrary. Suppose
a € Dom(So R). Then, we have already seen in part a. that a €Dom(R). Thus,
Dom(S o R) CDom(R).
Let a € A be arbitrary. Suppose a €Dom(R). Then, we can find b € B so
that (a,b) € R. This b €Ran(R). Thus, b €Dom(S), since Ran(R) CDom(S).
Since b €Dom(S), we can find ¢ € C so that (b,c) € S. Thus, (a,c) € So R.
Thus, a €Dom(S o R). Since a was arbitrary, Dom(R)CDom(S o R). Since
Dom(R)CDom(SoR) and Dom(SoR) CDom(R) we have Dom(SoR) =Dom(R).
o

C.

theorem 3. Suppose R is a relation from A to B and S is a relation from B
to C. Then Ran(S o R) CRan(S).

Proof. Suppose R is a relation from A to B and S is a relation from B to C.
Let ¢ € C be arbitrary. Suppose ¢ €Ran(S o R). Then, we can find b € B and
¢ € C so that (a,b) € R and (b,c¢) € S. Thus, since (b,c) € S, ¢ €Ran(S). O

theorem 4. Suppose R is a relation from A to B and S is a relation from B
to C. Suppose Dom(S) CRan(R). Then, Ran(S o R) =Ran(S).



Proof. Suppose R is a relation from A to B and S is a relation from B to C.
Suppose Dom(S) CRan(R). Let ¢ be arbitrary. Suppose ¢ € Ran(So R). Then,
we have already seen above that ¢ €Ran(S). Thus, Ran(S o R) CRan(S).

Let ¢ € C be arbitrary. Suppose ¢ €Ran(S). Then, we can find b € B so
that (b,¢) € S. Thus, b €Dom(S). Thus, b €Ran(R), since Dom(S) CRan(R).
Since b €Ran(R), we can find a € A so that (a,b) € R. Thus, (a,¢) € SoR.
Thus, ¢ €Ran(S o R). Since ¢ was arbitrary, Ran(S) CRan(S o R). Since
Ran(S)CRan(SoR) and Ran(SoR) CRan(S) we have Ran(SoR) =Ran(S). O

12.
a. True.

theorem 5. Suppose R is a relation from A to B and S and T are relations
from B to C. Suppose S CT. Then, SoRCToR.

Proof. Suppose R is a relation from A to B and S and T are relations from B
to C. Suppose S C T. Let a and ¢ be arbitrary and suppose (a,c) € S o R.
Then, we can find b € B so that (a,b) € R and so that (b,c) € S. Since S C T,
(b,c) € T. Since (a,b) € Rand (b,c) € T, (a,c) € T o R. Since a and ¢ were
arbitrary, So R C T'o R. O

b. True.

theorem 6. Suppose R is a relation from A to B and S and T are relations
from B to C. Then, SNT C SoRNToR.

Proof. Suppose R is a relation from A to B and S and T are relations from
B to C. Let a and ¢ be arbitrary and suppose (a,c) € SNT o R. Then, we
can find b € B so that (a,b) € R and so that (b,c) € SNT. Thus, (b,c) € S
and (b,c¢) € T. Since (a,b) € R, (a,c) € So R and (a,c) € T o R. Thus,
(a,c) € SoRNT o R. Since a and ¢ were arbitrary, SNT C SoRNToR. O

c. False. Let A = {a}, B = {b,b'} and C = {c}. Let R = {(a,b), (a,b")},
S = {(b,c)}, and T = {(t/,c)}. Then, SNT =0, so SNT o R = () while
SoRNToR={(a,c)}.
d. True.

theorem 7. Suppose R is a relation from A to B and S and T are relations
from B to C. Then, SUToR=S0RUToR.

Proof. Suppose R is a relation from A to B and S and T' are relations from B
to C. Let a and ¢ be arbitrary. Suppose (a,c¢) € SUT o R. Then we can find
be SUT so that (a,b) € R and (b,c) € SUT.

Case 1: Suppose (b,¢) € S. Then, (a,c¢) € So R. Thus, (a,c) € SoRUT o R.
Since a and ¢ were arbitrary, SUT o RC So RUT o R.

Case 2: Suppose (b,¢) € T. Then, (a,c¢) € T o R. Thus, (a,¢c) € So RUT o R.
Since a and ¢ were arbitrary, SUT o RC So RUT o R.

Let a and ¢ be arbitrary. Suppose (a,c¢) € SoRUToR. Then either (a,c) € SoR
or (a,¢) e ToR.



Case 1: Suppose (a,c) € S o R. Then, we can find b € B so that (a,b) € R and
(b,c) € S. Since (b,¢) € S, (b,c) € SUT. Thus, (a,c) € SUT o R. Since a and
¢ were arbitrary, So RUT o RC SUT o R.

Case 2: Suppose (a,c¢) € T o R. Then, we can find b € B so that (a,b) € R and
(b,c) € T. Since (b,c) € T, (b,c) € SUT. Thus, (a,c) € SUT o R. Since a and
¢ were arbitrary, So RUT o RC SUT o R.

Thus, we have that So RUT o R C SUT o R since it is so in either of the two
exhaustive cases.

Thus, since both Soc RUT o R C SUToRand SUToR C SoRUT oR,
SUToR=SoRUToR. O



